Introduction
The macroscopic description of the material behavior of granular materials like sand is one of todays great challenges in material science and physics. Granular are discontinuous, i.e. inhomogeneous, nonlinear, disordered, and anisotropic, on a "microscopic" scale. However, continuum models are applied in large scale industrial design of, e.g., silos.
The rich phenomenology observed in granular matter is due to the changing contact network of the structure formed by the grains, but also due to the inhomogeneous stress distribution in granular assemblies and the corresponding force-networks. There are always large fluctuations of contact forces and a reorganization of the network due to deformation typically leads to a re-structuring of those. When an initially isotropic contact network is deformed, the result is likely to be anisotropic. Bringing all this "microscopic" information all the way up to a macroscopic description via a socalled micro-macro model is one issue of this paper. We do not review the existing literature in this field here, rather we point the readers attention to the books by (Herrmann et al., 1998; Vermeer et al., 2001; Kishino, 2001) and some references by various groups (Chang and Ma, 1991; Babić, 1997; Bagi, 1999; Oda and Iwashita, 2000; Bardet and Vardoulakis, 2001; Suiker et al., 2001; Luding and Herrmann, 2001; Peters and Horner, 2002; Goldhirsch and Goldenberg, 2002; Kruyt, 2003; Luding et al., 2003; Madadi et al., 2004; Luding, 2004; Luding, 2004b) and the references therein.
In the following, a micro-macro formulation based on the virtual displacement ansatz for single contacts is presented as a modular formalism, and the numerical method of discrete element simulations, see e.g. (Oda and Iwashita, 2000; Thornton, 2000; Lätzel et al., 2000) , is used to obtain data to compare the macroscopic formulation with. We report the stress-, fabric-and stiffnesstensor component behavior under shear. Furthermore, the anisotropy of the packing and the issue of anisotropic continuum theories is adressed for the set-up used.
2 Micro-macro transition for one contact For single contacts, the contact force law is reformulated in terms of potential energy density, contact stress, (elastic, reversible) deformation, and stiffness. Since these (tensorial) quantities are associated with single contacts, averages over them can be taken in a variety of ways. Note that the single-contact stresses, for example, do not constitute a macroscopic stress, but they are at the very basis of the micro-macro transition, in so far that they contain the "microscopic" contact laws, and can be easily generalized to three dimensions.
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The asterisk is dropped in the following for the sake of simplicity implying:
). Note the nice symmetry of the problem with respect to an exchange of the present configuration (unprimed) and the deformed configuration (primed).
2.3
The stress tensor from a static contact From the potential energy density, we obtain the transposed stress from the response to a virtual deformation by differentiation of n with respect to the deformation tensor components h e 3 n i e h 3 q s o e 9 h k
For the result in Eq. (7) , where the tensor objects are typically non-symmetric and traceless. The stress relations above are similar to those obtained earlier in the literature for many particle contacts (Bardet and Vardoulakis, 2001; Lätzel et al., 2000; Rothenburg and Selvadurai, 1981; Bathurst and Rothenburg, 1988; Bardet and Proubet, 1991; Bagi, 1996; Liao and Chang, 1997; Kruyt and Rothenburg, 1998; Kruyt and Rothenburg, 2001; Ball and Blumenfeld, 2002; Kruyt, 2003) .
The stiffness tensor from a static contact
The partial derivative of the stress tensor with respect to the deformation leads to the single-contact stiffness
where the changes of the deformation in normal and tangential direction were used. The additional derivative which should occur in Eq. (10) leads to terms proportional to V X 9
, which are neglected in the following, since the overlap is typically much smaller than the distance between the particle centers.
Note that the stiffness tensor in Eq. (10) is similar to the results in the literature, see e.g. (Liao and Chang, 1997; Kruyt and Rothenburg, 1998) , but here the contribution of a single contact only is given. In the next section, the relations are provided for many particles inside larger averaging volumes.
3 Volume averaging In this section, averages over the single-contact tensors from the previous section are taken, for the sake of completeness, to be compared to the previous literature, see e.g. (Rothenburg and Selvadurai, 1981; Liao and Chang, 1997; Kruyt and Rothenburg, 1998; Lätzel et al., 2000) . Note that we focus here on those quantities that can be obtained from static snapshots and do not rely on (real) displacements, see (Luding, 2004; Luding, 2004b) for more details.
For the sake of simplicity, the simplest averaging approach is used here, i.e. a contact is taken into account if the corresponding particle center lies within the averaging volume. This corresponds to a pre-averaging over single particles and then subsequent averaging over the particles in the volume. Cast into an equation this reads 3 3
where is the quantity to be averaged and
is the pre-averaged particle quantity with the contact quantity o
. Here, the sub-script ¡ £ ¢ s denotes the particle-in-volume averaging procedure. As the simplest example, the volume fraction ¤ is thus obtained from 3.1 The Fabric Tensor For one particle with contacts, the fabric tensor is defined as the sum, over all contacts, of the dyadic product formed by the normal vectors:
with the trace tr¦ 3 ¥ j j 3
. In a large volume, with some distribution of particle radii, the relation between trace of fabric, density and average contact number is according to (Madadi et al., 2004) :
, with the average fabric
and the correction factor
dependent on the first three moments of the size distribution
), see the study by (Madadi et al., 2004) . In brief, § 0 corrects for the fact that the coordination number of different sized particles is proportional to their surface area, so that a monodisperse packing has § 0 3 q , whereas a polydisperse packing has § 0 i ² q with magnitude increasing with the width of the size distribution. Thus, a polydisperse packing has a higher contact number density than a monodisperse system of comparable density. It was shown recently that the correction, as tested for frictionless systems (Madadi et al., 2004) , is also relevant for frictional packings (Luding, 2004; Luding, 2004b) .
The Stress Tensor
In the averaging volume s , one obtains the approximate (averaged) macroscopic stress from Eqs. (8) and (11) so that:
with the center to contact branch vector 2 o
. The particle volumes (and the arbitrary averaging volumes introduced for the single-particle relations) cancel due to the volume weight in Eq. (11).
The stiffness tensor
The stiffness tensor for spherical (disk) particles with branch vectors from the center to the contactpartner 9 x 3 a 9 o
, and identical spring constants
where the two contributions from normal and tangential springs will be examined separately below. Note the factor q V r for the contribution from each of the two contacting particles, which could be replaced by 1 V X 9 or r 1 0 V X 9 0 for mono-sized particles. For the rather narrow size-distribution used below, we selected empirically the simplest choice. Again this result can already be found in the literature (Liao and Chang, 1997; Kruyt and Rothenburg, 1998) in similar form, however, we provide it here again, for the sake of completeness, in our nomenclature. More details and results on periodic lattices will be presented in a forthcoming paper (Luding, 2004b) .
Simulation Results 4.1 Model System
The discrete element model (DEM) (Herrmann et al., 1998; Vermeer et al., 2001; Cundall and Strack, 1979; Bashir and Goddard, 1991; van Baars, 1996; Oda and Iwashita, 2000; Thornton, 2000; Thornton and Antony, 2000; Oda and Iwashita, 2000; Kruyt and Rothenburg, 2001 ) is briefly introduced in this section, for more details see the papers Luding et al., 2003; Madadi et al., 2004; Luding, 2004; Luding, 2004b) The "experiment" chosen is the biaxial box set-up, where the left and bottom walls are fixed, and stress-or strain-controlled deformation is applied to the side-and top-wall, respectively. In the first case a wall is subject to a pre-defined pressure, in the second case, the wall is subject to a pre-defined strain. In a typical "experiment", the top wall is slowly shifted downwards, while the right wall moves stress controlled, dependent on the force ¥ C ĺ W Q exerted on it by the material in the box. The (strain-controlled) position of the top wall is a cosine function that is chosen in order to allow for a smooth start-up and finish of the motion so that shocks and inertia effects are reduced, however, the shape of the function is arbitrary as long as it is smooth and the deformation is slow.
Discrete Particle Model
The elementary units of granular materials are mesoscopic grains which deform under stress. Since the realistic modeling of the deformations of the particles is much too complicated, we relate the normal interaction force to the overlap of two particles. Note that the evaluation of the interparticle forces based on the overlap may not be sufficient to account for the inhomogeneous stress distribution inside the particles. Consequently, our results presented below are of the same quality as the simple assumptions about the force-overlap relation.
If all forces x z µ acting on the particle ¶ , either from other particles, from boundaries or from external forces, are known, the problem is reduced to the integration of Newton's equations of motion for the translational and rotational degrees of freedom
with the mass 
, the eigenfrequency of the contact, the reduced mass
, and the rescaled damping coefficient
The energy dissipation during a collision, as caused by the dashpot, leads to a restitution coefficient
, where the prime denotes the normal velocity after a collision. Details about the implementation of alternative contact models and tangential contact force laws for x w µ can be found in (Luding et al., 2003; Luding, 2004; Luding, 2004b) .
Parameters and initial configuration
The system examined in the following contains 
s. The choice of parameters is rather arbitrary, however, the finding below that the stiffness tensor scales with the spring contstant rectifies it a-posteriori. Additional simulations (not shown here) also confirm this statement. Note that the choice of the stiffness and a possible non-linear force law is more important for dynamic systems for, e.g., sound propagation than for the quasi-static system presented here.
Initially, the particles are randomly distributed in a huge box, with rather low overall density. Then the box is compressed with isotropic pressure ¡ £ 3 ¡ x 3 5 ¡ z , in order to achieve an initial condition as isotropic as feasible; there is remainig anisotropy of the order of a few per-cent in some situations, however. This configuration is relaxed until the kinetic energy is several orders of magnitude smaller than the potential contact energy. Starting from the relaxed, isotropic initial configuration, the strain is applied to the top wall and the response of the system is examined, while the side wall is still pressure controlled.
Averaged Quantities
In the following, simulation results are presented for various side pressures ¡ . Averages are performed such that parts of the system close to the walls are disregarded in order to avoid boundary effects. This means, that the averaging volume is only 64 per-cent of the total volume. A particle contact is taken into account for the average if the corresponding particle-center lies within the averaging volume s .
Density and volumetric strain
The first quantity of interest is the density (volume fraction) ¤ and, related to it, the volumetric strain ä 3 s V s
. From the averaged data, we evidence initial compression for small deformations and for larger side pressures, see Fig. 1 . This initial regime follows strong dilation, for all pressures, until a quasi-steady-state critical flow regime is reached, where the density is almost constant besides a weak tendency towards further dilation. , but the deviation is stronger and begins earlier with decreasing side pressure. An initially dilute granular medium (weak confining pressure) thus shows dilation from the beginning, whereas a denser granular material (strong confining pressure) can be compressed even further by the relatively strong external forces before dilation starts. The range of density changes is about 0.02 in volume fraction and spans 2-3 % changes in volumetric strain, for the parameters used here. The material undergoes continuous shear -due to the boundary conditions chosenwhere the shear is stronger and grows faster for smaller confining stress ¡ , i.e. for larger ¡ , the material is more resistant to shear.
Fabric Tensor
The fabric tensor is computed according to Eq. (13), and its isotropic and deviatoric contributions are displayed in Fig. 2 . The isotropic contribution is scaled by the prediction from (Madadi et al., 2004) , and the deviation from the prediction is between one to three percent, where the larger side pressure data are in better agreement (smaller deviation). Note that the correction due to the factor § 0 corresponds to about nine per-cent, and that the data are taken in the presence of friction, in contrast to the simulations by (Madadi et al., 2004) .
The anisotropy of the granular packing is quantified by the deviatoric fabric, as displayed in its scaled form in Fig. 2 . The anisotropy is initially of the order of a few percent -thus the initial configurations are not perfectly isotropic. With increasing deviatoric deformation, the anisotropy grows, reaches a maximum and then saturates on a lower level in the critical state flow regime. The relative anisotropy is stronger and grows faster for smaller side pressure, whereas the nonscaled fabric deviator, astonishingly, grows to values around
, independently of the side pressure (data not shown here, see (Luding, 2004) for details). 
, see (Luding, 2004) , a function of, at least, density and confining stress, which varies only very weakly with ¡ . The question examined in the following is: How does the fabric approach the "yield-limit" ã U ë
. Based on the numerical simulations, and related to experimental observations, see section 5.2.3 in the paper by (Calvetti et al., 1997) , we propose the following differential equation, which describes an exponential approach of the deviatoric fabric to its limit value:
where
is a material parameter that depends only weakly on
), and the deviatoric deformation
, in agreement with the simulation data for
, with an error margin of about five per-cent. When the maximal anisotropy is reached, the behavior changes possibly due to shear band localization, and The formulation of a more general constitutive law for arbitrary orientation of the deformation direction relative to the direction of the fabric eigen-values is far from the scope of this paper.
Stress tensor
The behavior of the stress is displayed in Fig. 3 , where the isotropic stress
is plotted in units of ¡ , and the deviatoric fraction is plotted in units of the normal stress. Note that the tangential forces do not contribute to the isotropic stress here since its entries compensate. From Fig. 3 , we evidence that both normal contributions, the non-dimensional trace and the non-dimensional deviator behave similarly, independent of the side pressure: Starting from an initial value, a maximum is approached -where the maximum is only weakly dependen on ¡ -the approach is faster for lower ¡ . After the maximum is reached, the stresses approaches a smaller value in the critical state flow regime. 
, and
. Note the rather large uncertainty and also the fact that, e.g.,
¤ ð
is a function of the history of the sample. For densities smaller than
, there is no stable static configuration observed. 
Stiffness tensor
Given an arbitrary deformation, the stiffness tensor relates the stress changes to the deformation e h 3 e h j
where the first term corresponds to the elastic (reversible) structural anisotropy, and the second term contains the stress changes due to a change in structure. The stiffness tensor entries e h j R
were discussed in detail in (Luding, 2004) , where it was concluded that there are typically only three different moduli
due to normal forces, in the coordinate system of the biaxial box. Tensor entries with an odd number of indices are practically zero. The stiffness entries due to the tangential forces could be related to these three moduli. In the following, we focus on the first term in Eq. denote the isotropic and the deviatoric contributions, respectively. In the biaxial box system, where the eigensystem of the tensors is oriented according to the wall geometry, a scalar formulation is possible for the isotropic stress:
, and the isotropic compression modulus . For the more general anisotropic material, isotropic and deviatoric stresses are coupled to both isotropic and deviatoric deformations.
From the numerical simulations (data not shown here), the relations
are evidenced, so that the above equations (22) and (23) 
is true in the initial deformation regime and becomes somewhat less reliable for larger deformations, corresponding to large ã , and for larger ¡ . Note that the tangential forces seemingly do not contribute to either ú or ü , only þ is affected. Note that the formulation of a more general constitutive law for arbitrary orientation of the deformation direction relative to the direction of the fabric eigen-values is far from the scope of this paper.
Summary and Conclusion
From the presented data, it can be concluded that there are basically only three different quantities in the stiffness tensor, scaling with the microscopic spring stiffness used for the simulation, which quantify the stress response of a static granular packing -disregarding changes of the structure.
All stress responses are proportional to the isotropic fabric ¥ . The isotropic stress is proportional to the isotropic deformation and a compression modulus ú , but also to the deviatoric deformation times the anisotropic modulus ü , if the material is already anisotropic, as quantified by ã
. The anisotropic stress response is proportional to the biaxial shear modulus þ and the deviatoric deformation, but it is also proportional to the isotropic deformation times the anisotropic modulus ü . Furthermore, two simple constitutive relations for the evolution of the deviatoric fabric and stress with the deviatoric deformation are proposed. In both cases, the limit deviator magnitude is approached exponentially fast. The microscopic and structural reasons for the limits in anisotropy are unclear as well as the detailed relations between stress, strain, and anisotropy, especially in the presence of structural changes.
